Inspired by recent measurements on individual metallic nanospheres that can not be explained with traditional classical electrodynamics, we theoretically investigate the effects of nonlocal response by metallic nanospheres in three distinct settings: atomic spontaneous emission, electron energy loss spectroscopy, and light scattering. These constitute two near-field and one far-field measurements, with zero-, one-, and two-dimensional excitation sources, respectively. We search for the clearest signatures of hydrodynamic pressure waves in nanospheres. We employ a linearized hydrodynamic model and Mie-Lorenz theory is applied for each case. Nonlocal response shows its mark in all three configurations, but * To whom correspondence should be addressed † Department of Photonics Engineering, Technical University of Denmark, DK-2800 Kgs. Lyngby, Denmark ‡ Center for Nanostructured Graphene, Technical University of Denmark, DK-2800 Kgs. Lyngby, Denmark ¶ Center for Electron Nanoscopy, Technical University of Denmark, DK-2800 Kgs. Lyngby, Denmark § Department of Micro-and Nanotechnology, Technical University of Denmark, DK-2800 Kgs. Lyngby, Denmark 1 arXiv:1403.1100v1 [cond-mat.mes-hall] 5 Mar 2014 for the two near-field measurements we predict especially pronounced nonlocal effects that are not exhibited in far-field measurements. Associated with every multipole order is not only a single blueshifted surface plasmon, but also an infinite series of bulk plasmons that has no counterpart in a local-response approximation. We show that these increasingly blueshifted multipole plasmons become spectrally more prominent at shorter probe-tosurface separations and for decreasing nanosphere radii. For selected metals we predict hydrodynamic multipolar plasmons to be measurable on single nanospheres. electrodynamics is nonlocal response, discussed in more detail below, which becomes important when reducing the particle size or gap size of a dimer down to the range of the nonlocality
experiments involving (sub-)nanometer-sized gaps between dimers, [17] [18] [19] or between nanoparticles and a substrate.
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To explain these features arising beyond the validity of classical electrodynamics, various physical mechanisms are invoked. Firstly, classical electrodynamics assumes a step-function profile of the free-electron density at a metal-dielectric interface. The finite quantum mechanical spill-out 21 of the electron density redshifts the surface plasmon resonance, 22, 23 may give rise to nonresonant field enhancement, 24 and may enable charge transfer between non-touching plasmonic dimers. 18, 19, 25 Secondly, a stronger confinement of the free electrons gives rise to blueshifts. In cluster physics, it is single-particle excitations that are blueshifted due to quantum confinement, 26 while confinement in nanoplasmonics blueshifts collective resonances and gives rise to Friedel oscillations in the electron density. 27, 28 A third, semi-classical physical mechanism beyond classical electrodynamics is nonlocal response, discussed in more detail below, which becomes important when reducing the particle size or gap size of a dimer down to the range of the nonlocality 29 (ξ nl , denoting the spatial extent of significant nonlocal interaction, to be introduced shortly), and blueshifts surface plasmon resonance frequencies.
Large experimental blueshifts of the localized surface plasmon (LSP) dipole resonance seem to indicate that several physical mechanisms add up. 15, 30 Certainly, in experiments all these physical mechanisms beyond traditional classical electrodynamics are at work simultaneously, thus emphasizing the importance of microscopic theories 31 (e.g., density-functional theory, DFT) or effective models 32 that incorporate multiple mechanisms. Yet at the same time it is important to ascertain the relative strength and compatibility of the various mechanisms. Indeed, it is paramount to know -and to measure -the unique characteristics of each mechanism, that is to say, find their individual "smoking guns", in order to appreciate the dominant physical mechanisms under different nonstandard circumstances. We foresee an increasing number of such decisive experiments on individual nanoparticles in the near future.
The boundary between cluster physics and nanoplasmonics is an interesting one. Metal clusters require a quantum description of interacting electron states, often studied with DFT. In contrast, nanoplasmonics could be defined to start for nanoparticle sizes that allow an effective quantum description in terms of non-interacting plasmons. 28 A current interesting issue is where to place the origin of the observed blueshift of the surface plasmon resonance of individual nanospheres: is it primarily due to quantum confinement of single-particle states, 14, 16 or due to confinement of collective modes? 15, 27, 28, 32 In this article we assume the latter and identify new observable consequences. We focus on nanoparticles that are considered large enough (2R ≥ 3 nm) that so-called core plasmons, although collective in nature, can be neglected according to DFT calculations.
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Nonlocal response is a semi-classical effect which emerges in nanoplasmonics at few-nanometer length scales. The general nonlocal relation between the displacement and electric fields, D(r, ω) = ε 0 ε(r, r ; ω)E(r , ω) dr becomes simpler and more familiar in the local-response approximation (LRA), i.e., ε(r, r ; ω) ε lra (r, ω)δ(r − r ). In many cases this approximation provides an excellent effective description due to the short-range nature of the nonlocal interaction. However, the LRA is not justifiable when the nonlocal interaction length, ξ nl , becomes comparable with characteristic feature sizes of structural or optical kind.
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Here we consider inclusion of the classically neglected Fermi-Dirac pressure of the electron gas.
Its associated pressure waves give rise to a nonlocal optical response. The simplest way to study the effects of Fermi pressure in nanoplasmonics is by assuming a hydrodynamic model, 15, [33] [34] [35] [36] [37] [38] [39] which neglects the aforementioned spill-out and confinement effects on the static electron density.
In hydrodynamics the nonlocal interaction length becomes ξ nl = v f /ω, with v f = 3 √ 3π 2 n 0 /m denoting the Fermi velocity, defined through the effective mass m and free-electron density n 0 . This corresponds to ξ nl -values in the range 2 -5Å for typical plasmonic metals at optical frequencies, see Table S1 in the Supporting Information (SI). We will focus on the linearized hydrodynamic model here, but would like to emphasize that the full hydrodynamic model involves both nonlocality and nonlinearity, predicting nonlinear effects such as second-harmonic generation at the surface of metal nanoparticles for larger field-strengths.
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The behavior. This may in part be due to a line of reasoning which addresses just a single resonance, namely the dipole.
Our aim in this article is then to examine theoretically which phenomena constitute the clearest evidence of hydrodynamic pressure waves in plasmonic nanospheres, and how best to observe them.
Powerful measurement techniques include scattering measurements, as realized e.g., in the infrared regime by Fourier transform infrared spectroscopy (FTIR), scanning near-field optical microscopy (SNOM), 48 EELS, 49, 50 and fluorescence microscopy techniques, utilizing decay enhancement of emitters near plasmonic resonances. 51, 52 In this theoretical article, we systematically explore three prominent measurement techniques, each with different excitation sources, namely the extinction cross-section, the EELS probability, and the electric local density of states (LDOS). The excitation sources are, respectively, a linearly polarized plane wave, a traveling electron with kinetic energy in the keV-range, and an electric dipole emitter, corresponding to a two-, one-, and zero-dimensional source. The three measurement principles represent both far-and near-field types, and we show their spectra to be qualitatively different.
We investigate not only the strongest (dipolar) LSP resonance of nanospheres, but also higher-order multipole LSPs, as well as bulk plasmons, for all three measurements considered.
We show that hydrodynamic response leads to a significant spectral separation of the sphere's multipole plasmons at small radii, allowing them to extend above the LRA asymptotic limit at ω p / √ 2. Resonance-features above this limit have already been observed in polydisperse ensembles of nanospheres, and previously been interpreted instead in terms of single-particle confinement.
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We find significant qualitative disparity between properties measurable in the far-field, i.e., via extinction, and in the near-field, i.e., via EELS or LDOS. Our findings result in concrete suggestions to experimentally observe hydrodynamic nonlocal phenomena in the near-field, by identifying the multipolar plasmon resonances of individual nanospheres of selected metals.
Results and Discussion
Theoretical framework. In a linearized hydrodynamic description, the current density J(r, ω) and the electric field E(r, ω) are interrelated by the nonlocal relation:
where σ(ω) = iε 0 ω 2 p /(ω + iη) is the usual Drude conductivity of a free-electron gas with plasma frequency ω p , including a phenomenological loss-rate η, and β In addition to Eq. (1a), the electric field must satisfy the Maxwell wave equation
with k 0 = ω/c denoting the usual free-space wavenumber, and ε ∞ (ω) the dielectric response of the bound charges, i.e., the response not due to the free-electron plasma. The sum of the boundand free-electron response gives the transverse response of the metal ε m (ω) = ε ∞ (ω) + σ(ω)/iε 0 ω, familiar from the LRA. For calculations involving a measured transverse metal response ε m (ω), the bound response ε ∞ (ω) is determined by fixing ω p = n 0 e 2 /ε 0 m, i.e., through the free-electron density n 0 and effective mass m, thus determining the free response σ(ω) and allowing ε ∞ (ω) to be determined by subtraction.
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The practical solution of Eqs. (1) 
where ν denotes a composite expansion index with a ν , b ν , and c ν being associated expansion coefficients. The functions M ν (r) and N ν (r) describe the TE and TM parts, respectively, of the electric field, and describe the propagation of transverse, or divergence-free, modes. 56 The functions L ν (r) are irrotational, and as such are irrelevant in media described by the LRA. However, their inclusion is indispensable for the treatment of plasmonic nanoparticles by hydrodynamic response, in order to account for the inclusion of longitudinal modes. Figure 1 : Sketch of an exciting wave E ex interacting with a metallic sphere embedded in a dielectric background, giving rise to scattered and transmitted fields E sc and E tr , respectively.
Next, we consider the case of an arbitrary external exciting field E ex that originates in an outer dielectric region and scatters upon a spherical metallic particle of radius R that is centered at the origin. This induces scattered fields E sc outside the particle and transmitted fields E tr inside, see 
with x nl = k nl R introducing the longitudinal metal wavenumber (see Methods). As expected, the correction ∆ l vanishes in the LRA limit, since |x nl | → ∞ as β f → 0. The significance of the Mie-Lorenz coefficients is that they specify the scattering laws outside the sphere, i.e., they determine the outcome of external measurements. In particular, a general linear measurement O on a nanosphere can be expressed as a linear combination of them. As discussed in more detail below, all three measurements that we consider can be expressed in the
where the coefficients O We study this quantitatively and find the multipole plasmon resonances of order l from the pole of the t tm l coefficient. The nonretarded limit can be applied to the small spheres under consideration, leading to the plasmon condition
where
] accounts for the hydrodynamic correction, see SI for additional details (a similar multipole plasmon condition was derived in Ref. 60 for metallic spheres in vacuum, but with a missing factor of i/x nl in their equivalent definition of δ l ). Evidently, nonlocality can be interpreted as modifying the dielectric surrounding, by introducing an effective l-dependent
itself is a function of frequency and angular momentum, Eq. (6) defines plasmon resonances only implicitly. Nevertheless, their spectral location can be determined by approximation while retaining the essential physics, as we shall show below.
In the LRA limit δ l → 0 and upon neglecting dispersion of the bound response and damping,
i.e., taking ε m (ω) = ε ∞ − ω 2 p /ω 2 , the well-known local electrostatic plasmon resonances are immediately recovered from Eq. (6) as
Thus, in local theory, for l = 1 we find the well-known (dipolar) LSP resonance ω
which reduces to ω p / √ 3 for a free Drude-metal sphere in vacuum. The high-order multipole plasmons tend asymptotically from below towards the local planar-interface surface plasmon
for a free Drude-metal sphere in vacuum. The l-dependence of ω l l as described by Eq. (7) is depicted by the red-dashed line in Figure 2 , clearly showing the asymptotic behavior for large l.
Turning now from local to nonlocal response, let us assume that δ l in Eq. (6) is a small perturbation, which is valid for small l and for R β f /ω p . We circumvent the implicitness of the resonance condition by making a pole approximation, replacing the dispersive function δ l (ω) 
where, at the last step, in addition to a Taylor expansion of the square-root term, we have utilized the large imaginary x nl limit of the hydrodynamic correction, δ l l εm−ε∞ ε∞ i xnl , which is applicable at frequencies below the screened plasma frequency ω ∞ p ≡ ω p /ε ∞ . These approximate nonlocal surface plasmon resonance frequencies are illustrated by the solid red line in Figure 2 .
The approximation captures the exact nonlocal blueshift well but is less accurate for larger l, as expected. By implication of these nonlocal blueshifts, excitations appear between the LRA l = ∞ mode (the planar surface plasmon) and the volume plasmon at ω p , classically a resonance-free frequency interval.
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Bulk plasmon resonance condition.
Besides 
where w ln is the n th positive root of j l (w), the derivative of the l th -order spherical Bessel function (see Refs. 33 and 61 for lengthier, more accurate approximations). Modes associated with the first root at n = 0 are in fact not resonant, but are artifacts of the approximation that arise due to having neglected the transverse field-components. Regardless, for every multipole order l there is an infinite number of confined bulk plasmons associated with n = 1, 2, .... as Lorentzian resonances, and the bulk plasmon approximation Eq. (9) is quite accurate. The resonant charge distributions in the insets illustrate the radial quantization of the confined bulk plasmons. To the best of our knowledge, only the dipole (l = 1) confined bulk plasmons have been considered previously, e.g., in relation with extinction-features above the plasma frequency in nanospheres. 33, 54 In our investigation of EELS and LDOS below, we consider additionally if these higher-l bulk plasmons may influence the spectral response in the near field. First, however, we discuss the properties of higher-order LSP multipoles.
Large-l plasmonic resonances. We have seen in Figure 2 that multipolar hydrodynamic LSP modes blueshift away from the classical limit, the LRA planar surface plasmon at ω p / √ 2. What is more, Figure 4 illustrates that high-multipole nonlocal LSP resonances can even appear above the plasma frequency ω p . There is no indication that the plasma frequency would mark a qualitative transition. This is despite the change from predominantly imaginary metal wavenumbers (k m and k nl ) for frequencies ω < ω ∞ p , to predominantly real metal wavenumbers for ω > ω ∞ p . In particular, the transition from predominantly imaginary to real wavenumbers does not carry with it a transition from predominantly bound surface modes to volume-like modes as assumed in the past. 36 [Such a transition does not emerge since |x nl | remains comparative with √ l + 1, which, cf. Eq. (11) and the small-argument asymptotic form j l (x) x l /(2l + 1)!! valid for |x| √ l + 1, implies that |j l (x)| ∼ |j l (ix)| for |x| < |x nl |, whereby the charge density is left qualitatively unchanged and surface-bound.] Hydrodynamic surface plasmons above the plasma frequency have also been found theoretically for a planar metal-dielectric interface, for a thin metal slab, and for planar metamaterials.
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It is fruitful to pursue further the analogy between the LSPs of our nanospheres and of planar hydrodynamic response. However, and this is the surprising third point, unlike for local response, the agreement does not converge towards a complete agreement as l increases: a discrepancy develops for large l. The discrepancy is larger in Figure 5 (a) for R = 2.5 nm spheres than for the twice larger spheres in Figure 5 (b).
This can be explained by noting that in the LRA all the induced free charge resides only on the surface of the sphere, whereas it is distributed close to this surface in the hydrodynamic description. The latter is illustrated in Figure 5 (c). Note the surficial standing-wave quantization of the LSPs in Figure 5 , and also the absence of radial quantization, being associated only with the bulk plasmons as shown in Figure 3 . For large l, the neighboring hydrodynamic charge patterns in Figure 5 get squeezed into each other due to the finite curvature, producing the discrepancy with the planar interface. An alternative explanation of the discrepancy as due to interaction across antipodal surface points can be ruled out, since the insets of Figures 5(a,b) show that the electric fields corresponding to high-l modes are well localized near the surface of the nanosphere, even those above the plasma frequency (in contrast to predictions of Ref. 36) , so that fields on opposite angular regions of the sphere are spatially well separated. This agrees with recent findings for hydrodynamic LSP modes in a planar thin metal slab, which do not show finite-size effects either for sufficiently large wavevectors. Rather, since the slab has no curvature, the large-k dispersion of its LSP modes does indeed agree with that of the single interface.
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Extinction, EELS, and LDOS. Having discussed the characteristics of the multipole plasmons, and in particular the modifications due to hydrodynamic response, we will now consider three distinct measurements, each with a different sensitivity to the various surface and bulk plasmons:
1. Light scattering. This measurement gives the extinction cross-section σ ext (ω), yielding the ratio of power dissipated due to scattering and absorption of a plane-wave relative to incident intensity.
Electron energy-loss spectroscopy. EELS gives information on the electron loss function
Γ(ω), that expresses the probability that a relativistic electron will lose an energy ω due to interaction with the particle. We consider electrons traveling with velocity vẑ and impact parameter b in the xy-plane outside the sphere (|b| = b > R).
Atomic spontaneous emission.
A dipole orientation-averaged measurement of local spontaneous emission rates relates linearly to the electric local optical density of states (or LDOS) ρ e (ω). We consider emitter positions b outside the nanosphere (b > R).
These three measurements constitute examples of illumination of the sphere by plane-, cylinder-, and spherical-like waves. Extinction is measured in the archetypical far-field scattering setup, while the EELS probability and LDOS can be measured locally in the near-field. Sub-nanometer control of the probe-surface separation is routinely achieved in EELS 49 and also demonstrated in fluorescence measurements, 65, 66 permitting experimental investigation of the various calculated spectra that we will show below.
Let us briefly discuss the computation of these measurements in the multipole basis. The arbitrary exciting field can be decomposed into the multipole basis, i.e., the coefficients {a Figure 7 : Extinction efficiency, Q ext , EELS probability, Γ, and normalized LDOS, ρ e /ρ e 0 . Hydrodynamics in full blue and LRA in dashed gray. The screened plasma frequency is indicated in dashed-dotted black. When distinguishable, the LSP multipole order l is noted in red, while bulk plasmon [l, n]-orders are noted in green. Parameters in (a) are as in Figure 6 (a); in (b) as in Figure 6 (b). The EELS probability and LDOS are computed for b/R = 2 in all three cases. 
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Let us interpret Figures 6(a) and 7(a) in more detail by first discussing the region below the plasma frequency, where both in local and nonlocal response, the extinction efficiency exhibits just the single dipolar (l = 1) surface plasmon resonance. Higher-order multipole plasmons do not contribute since the sphere size is much smaller than the wavelength of the incident plane wave.
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In stark contrast to these known extinction spectra, several additional multipole LSP resonances are observable in the EELS and LDOS spectra, and better so for smaller probe-to-surface separations.
Notice that higher-order LSP modes do exist in the LRA, as we have seen in the analysis of the Mie-Lorenz coefficients, but these additional LSP resonances converge towards the l = ∞ limit at ω p / √ 2 and rapidly become indistinguishable due to losses. By contrast, the higher-order LSP resonances are much more clearly visible in the hydrodynamic spectra because of the l-dependent nonlocal blueshift of Eq. (8), which pushes the multipole resonances in the EELS and LDOS spectra beyond the LRA l = ∞ limit and moreover separates them despite the loss-induced broadening.
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Observation of a multipolar resonance above the l = ∞ limit was reported by vom Felde et al. cannot contain all relevant physics. In particular, it is known that the nonlocal blueshift of the dipolar SPP for aluminum spheres in vacuum will be more than fully compensated by a redshift due to electronic spill-out.
75
However, for higher-order multipoles we expect that the centroid of the induced charge will be pushed inwards at larger multipole orders, and that nonlocality will come to dominate the effects of spill-out. These considerations are supported by calculations in Ref. 22 on planar simple-metal surfaces, which show that the induced charge recedes to the interior of the metal at large momentum transfers, equivalent to high multipole order. This indicates that spill-out does not undo our prediction that higher-order SPP resonances will be well-separated due to nonlocal response, and thus suggests a novel direction for identification of hydrodynamic behavior in nanospheres. The key features of our theoretical near-field spectra for aluminum are encouraging in this respect. Accordingly, experimental investigation and further theoretical study with more microscopic models is highly desirable.
Additionally, we note that electronic spill-out is not a property of the metal nanoparticle alone but also of its surrounding dielectric, in a similar way that the atomic spontaneous-emission rate is not a property of the atom alone but also of its electromagnetic environment. This gives additional experimental freedom: by embedding metal spheres into a solid matrix, electronic spillout can be controlled and the associated redshift suppressed. 16 A high-index dielectric surrounding can significantly reduce the electronic spill-out, even in simple metals. Thus with high-index background dielectrics, our plasma-in-a-box model is expected to be more accurate. The key effects of a non-unity background dielectric function on the SPP and bulk-plasmon resonances of
Figures 6 and 7 can be readily discerned from Eqs. (7) - (9).
As further promising experiments, we propose to use the same materials as in Ref. 16 , namely potassium (or Na or Rb) nanospheres in an MgO matrix, but now for doing EELS on an individual nanosphere, so that inhomogeneous broadening would no longer obscure individual multipolar peaks. Similarly, rather than utilizing a continuous embedding matrix, it may be feasible to suppress the electronic spill-out just by coating the nanospheres with a suitable dielectric, thereby also providing protection from oxidization. Better than observing shifts in LSP peaks, observing the confined bulk plasmon peaks would constitute a unique identification of hydrodynamic pressure waves in nanospheres. However, since we find them to be three orders of magnitude weaker than the dipolar LSP resonance, actually the same order of magnitude weaker as found in recent density-functional calculations, 28 they are difficult to measure in nanospheres. To our knowledge they have not yet been observed (unlike their counterparts in thin films), so to date bulk plasmons are "non-smoking guns" of hydrodynamic pressure waves in nanospheres.
Overall, Figures 6 and 7 illustrate the importance of the dimensionality of the excitation source.
As is well known, the plane wave used in extinction measurements only excites dipole resonances in deeply subwavelength spheres. As to the EELS spectra, the one-dimensional source of a travelling electron excites a cylinder-like field, which for short probe-to-surface separations is sufficiently inhomogeneous to excite higher-order (l > 1) plasmons as well. Lastly, the LDOS spectra illustrate the largest sensitivity to the multipole modes, with all LSPs discernible and significant response from several bulk plasmon orders. The spherical-like field of the zero-dimensional dipole induces locally a more inhomogeneous excitation field than the traveling electron, thus accounting for the increased multipole-sensitivity in LDOS compared to EELS. At large probe-surface separations shown in Figure 6 , the exciting fields in both EELS and LDOS are almost homogeneous near the sphere, and the response due to higher-order multipoles is diminished. As a consequence, for large probe-to-surface separations the spectral response in extinction, EELS, and LDOS is qualitatively the same. See SI for analytical considerations of this latter point, regarding the asymptotics of the LDOS and EELS spectra.
Distance-dependence of LDOS. In the preceding sections we established that the response of high-order plasmons is significantly enhanced with probes of low-dimensionality when examined in the near-field, where the observability of multipolar LSPs is enhanced by hydrodynamics itself.
Let us therefore finally focus solely on the LDOS spectra, where the response of these high-order multipoles is most pronounced. In Figure 8 we display the variation of the LDOS spectra as a function of the probe-to-surface separation, varying from b/R = 1 (i.e., source on surface)
to b/R = 5 (10 nm separation). For the panels with b/R < 2, contributions from high-order multipoles are increasingly important, as the excitation of multiple LSP orders contribute to the spectrum. 76 Consequently, in the LRA the largest LDOS occurs at ω p / √ 2, the limiting frequency of the high-order LSPs, coinciding with the pile-up of LRA multipoles. By contrast, the hydrodynamically blueshifted LSPs do not have a finite limiting frequency or an associated similar pile-up of modes, but instead exhibit distinguishable peaks associated with excitation of different multipoles. The qualitative discrepancy between local and nonlocal spectra is even substantial.
For larger spheres, the multipole peaks merge and instead give rise to a broadband enhancement above ω p / √ 2, even extending beyond the plasma frequency, see SI for supporting calculations on an R = 10 nm sphere. This suggests an hitherto largely unexplored regime of studying nonlocal response in comparatively large nanostructures but at short surface-to-probe separations. Figure 8: Normalized LDOS for different probe-to-surface separations in hydrodynamic and LRA treatments, in full blue and dashed gray, respectively, for a Drude-metal with material parameters as in Figure 6 (a), for a R = 2.5 nm sphere.
As is well known, in the extreme limit b = R the LRA LDOS diverges (hence not shown) due to the 1/(b − R) 3 scaling of the nonradiative decay rate. For the b/R = 1 panel of Figure 8 we obtain convergent results for the hydrodynamic response, and associated finite LDOS spectra.
The convergence, however, hinges upon the choice of a simple Drude-metal with real-valued ε ∞ , as discussed in Ref. 77 . As such, hydrodynamic response does not fully regularize the divergence of the LDOS for real metals with dissipative bound response. Complete regularization in real metals would likely necessitate an appropriate nonlocal treatment of not only the free response, but also the bound response. In addition, for these very close proximities between source and nanosphere, the effect of high-order moments -beyond the dipole -of the source itself, due to the finite size of the source, would certainly modify the decay rates as well. 78 For emitters at the larger separations, e.g., in the panel with b/R = 5, the dipole mode of the nanosphere is again the primary feature, but with the quadrupolar LSP still imposing a significant spectral feature.
Conclusions
In this paper we have aimed to identify indisputable signatures of hydrodynamic response in plasmonic nanospheres. The corresponding evidence for layered systems is the observation, found both with light 43, 44 and with electrons, 46 of confined bulk plasmons in thin films. Employing the hydrodynamic Drude model we predict the existence of confined bulk plasmons also in nanospheres.
An important question then, is whether such excitations would be observable. A series of confined bulk plasmons of dipolar character has been predicted before to show up in extinction spectra.
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Here we additionally found that besides the dipole series, also series of quadrupolar and higher-order bulk plasmons emerge in near-field EELS and LDOS spectra. However, we find the strength of these bulk plasmon resonances in nanospheres to be about three orders of magnitude weaker than the dominant LSP peak. Their experimental observation in nanospheres, for example with EELS or LDOS, remains an open challenge. Another promising technique is core-level photoemission.
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Of a more immediate, accessible nature experimentally, is our prediction that in the near-field EELS and LDOS spectra also quadrupolar and higher-order LSPs appear, besides the well-known dominant dipolar LSPs. In itself it is no surprise that higher-order LSPs show up in near-field spectra, since already the LRA predicts them. 76 The salient point here is that LRA LSPs exhibit the surface plasmon ω p / √ 2 of a planar interface as a limiting upper frequency, while we predict hydrodynamic LSPs to be observable also above ω p / √ 2. This follows from our prediction that higher-l plasmons exhibit a larger nonlocal blueshift. Indeed, we found that high-l LSPs in principle can occur above the plasma frequency in few-nanometer spheres, with their mode profiles still well bound to the surface. An upper limiting frequency for LSPs actually does not exist in the hydrodynamic model.
Not all multipolar LSPs will be observable, though. For silver, we predict all LSPs besides the dipolar one to be suppressed due to interband effects. On the other hand, we predict that for aluminum nanospheres several higher-order LSPs should be observable in near-field EELS and LDOS spectra. In ensembles of alkali metal (Na, K, Rb) nanospheres in an MgO matrix, resonances above the LRA limit ω p / √ 2 have actually already been observed, but individual resonance peaks could not be resolved due to ensemble averaging. 16 We propose to do these measurements on individual alkali metal nanospheres, something that has already been achieved with silver nanospheres.
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Would such measurements constitute the unequivocal evidence, the "smoking gun", of Even for the relatively simple hydrodynamic theory that we used here, the near-field spectra of nanospheres become rather elaborate and rich -but they can be understood rigorously. We therefore expect that our results could also assist in the interpretation of near-field spectra calculated with more microscopic calculations, with some features attributable to hydrodynamic nonlocal response.
Methods
Hydrodynamics and multipole basis. By eliminating the current density in Eqs. (1), the hydrodynamic equations can be recast solely in terms of the electric field: 
L lm (r) = 1 k ∇ψ lm (r),
with ψ lm (r, θ, φ) = z l (kr)P Natural Sciences, Project 1323-00087.
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